A spectral singularity is a mathematical notion with an intriguing physical realization in terms of certain zero-width resonances. In optics it manifests as lasing at the threshold gain. We explore the application of their recently-developed nonlinear generalization in the study of the effect of a nonlinearity on the lasing threshold condition for an infinite planar slab of gain medium. In particular, for a Kerr nonlinearity, we derive an explicit expression for the intensity of the emitted waves from the slab and discuss the implications of our results for the time-reversed system that acts as a coherent perfect absorber.
I. INTRODUCTION
One of the most interesting properties of complex scattering potentials [1] is that unlike their real analogs they can admit scattering states satisfying Siegert outgoing boundary conditions [2] . Because these states have a real and positive energy, they behave exactly like a zero-width resonance. This observation is originally made in [3] in an attempt to understand the physical meaning of the mathematical notion of a spectral singularity [4] . It has motivated the study of physical aspects and applications of spectral singularities particularly in optics [3, [5] [6] [7] [8] [9] [10] .
A remarkable outcome of this study is that for an optical system consisting of an infinite planar slab of homogeneous gain medium the well-known lasing threshold condition follows from the equation ensuring the generation of a spectral singularity [8] . Furthermore, if we consider the time-reversed setup, where the slab consists of a lossy medium with the loss coefficient having the same value as the gain coefficient required for a spectral singularity, it behaves as a coherent perfect absorber [7] .
A more recent development is a nonlinear generalization of the notion of a spectral singularity [11] . A characteristic feature of nonlinear spectral singularities is that they are intensity-dependent. This means that they correspond to the emission of waves with a particular wavelength-amplitude profile. Ref. [11] offers details of this phenomenon for a delta-function potential with a complex coupling constant [12] .
In order to improve our understanding of the properties and possible applications of nonlinear spectral singularities, in the present article, we study their behavior for an infinite planar slab of gain material subject to a weak nonlinearity. In particular, we give a detailed analytic description of the effects of a Kerr nonlinearity.
Consider a linearly polarized electromagnetic wave that is aligned along the x-axis in some cartesian coordinate system and has an electric field of the form E = e −iωt E (z)ê x , where ω is the angular frequency of the wave, E is a complex-valued function, andê x is the unit vector along the positive x-axis. Suppose that this wave interacts with an infinite planar slab of gain material of thickness a that is aligned in the x-y plane and located between the planes z = 0 and z = a. Then it is well-known that the Helmholtz equation for this system reduces to the Schorödinger equation,
for the energy-dependent complex barrier potential [8] 
where k := ω/c is the wavenumber, n is the complex refractive index of the slab, and
When a nonlinearity is present, n 2 is replaced by n 2 + gf (|E (z)|) and (1) takes the form
where g is a real constant and f is a real-valued function [13] . In terms of the scaled variables,
we can write (4) as
For a Kerr nonlinearity, where
(6) is known as the Gross-Pitaevskii equation and has applications in the description of the Bose-Einstein condensates [14] . For real values of z it admits exact analytic solutions in terms of the Jacobi elliptic functions [15] .
II. NONLINEAR SPECTRAL SINGULARITIES
In Ref. [11] we introduce nonlinear spectral singularities associated with (6) . In short, they correspond to the real and positive values of K 2 for which (6) admits a nonzero solution fulfilling the outgoing boundary conditions:
In order to see the physical implications of these conditions, we use the fact that for x / ∈ [0, 1] the general solution of (6) is a linear combination of the plane waves e ±iKx . This allows us to envisage scattering solutions of (6) corresponding to incident waves from the left (x < 0) and the right (x > 1). The former has the form [11] :
where ζ is a solution of (6) that satisfies
N + is a complex constant that gives the amplitude of the transmitted wave, and
We can use (9) and (11) to derive the following expressions for the reflection and transmission coefficients from the left, respectively [11] .
In view of (10) the solution (9) satisfies the second equation in (8) . The first of these equations, which is equivalent to G + (K) = 0, implies that both the reflection and transmission coefficients diverge. This is a characteristic property of a resonance state. Notice however that the energy K 2 does not have an imaginary part. Therefore (9) is a scattering solution of (6) which behaves like a resonance with a zero width [3] . Now, suppose that we tune the parameters of the system so that it supports a spectral singularity with wavenumber k and amplitude parameter N + . Then any left-incident plane wave with wavenumber and amplitude, respectively, in a close vicinity of k andÑ − is amplified and emitted from both sides of the slab. In the absence of the nonlinearity, this phenomenon is amplitudeindependent and the system amplifies the background noise and serves as a laser that functions at the very threshold gain [8] . The presence of the nonlinearity modifies the lasing threshold condition by introducing in it a particular amplitude-dependence. Our main objective is to derive an explicit expression for this modified lasing threshold condition.
III. LASING THRESHOLD CONDITION
Determination of nonlinear spectral singularities requires the solution of the boundary-value problem defined by (6) and (8) . This is equivalent to finding the function ζ, which satisfies (6) and (10) , and demanding that
For x ∈ [0, 1], we can express (6) in the form of the integral equation
where ψ 0 is the general solution of the linear equation
is arbitrary, and G is the Green's function for this equation, i.e.,
Repeated use of (15) in its right-hand side yields a perturbative series expansion for ψ with γ playing the role of the perturbation parameter. In particular, we find the following first-order perturbative expression for ζ.
where ≈ means that we neglect quadratic and higher order terms in powers of γ, ζ 0 is the solution of (16) satisfying (10), and
It is easy to show that
(20) Next, we insert (18) in (12) to obtain
where
The computation of G
± (K) is straightforward. It gives
According to (24) and (25), in the absence of nonlinearity, γ = 0, and we find a spectral singularity provided that the right-hand side of (25) vanishes. This is in complete agreement with the results of [8] [9] [10] . Let n 0 and K 0 be such that L(n 0 , K 0 ) = 0, i.e., they correspond to a linear spectral singularity, and η 0 and κ 0 be respectively the real and imaginary parts of n 0 , so that n 0 := η 0 + iκ 0 . Then in view of (25) and the fact that for typical gain media,
we have
Recalling that the gain coefficient g 0 necessary for the emergence of the spectral singularity is related to κ 0 according to g 0 = −2K 0 κ 0 /a, and taking the modulussquare of both sides of (27), we obtain
where R := (n 0 − 1)/(n 0 + 1). In view of (26), R ≈ (η 0 − 1)/(η 0 + 1). Therefore, it gives the reflexivity of the slab, and (28) coincides with the standard expression for the lasing threshold condition [8] ,
In order to obtain nonlinear corrections to (29), we solve (14) perturbatively. Let n 1 and K 1 be such that, up to linear terms in γ, Eq. (14) holds for
Inserting (30) in (21), expanding the resulting expression for G + in powers of γ, and equating the coefficient of γ to zero give
The calculation of G
+ (n 0 , K 0 ) is more involved. However, it turns out that we can use (19), (22), and (27) to write it in the form:
For example, consider a Kerr nonlinearity (7). Then we can easily perform the integral in (34) and use (27) to express G
We can determine the nonlinear corrections to the location of the spectral singularities by substituting (32), (33), and (35) in (31) and solving the resulting equation for any two of Re(n 1 ), Im(n 1 ), and K 1 in terms of the third.
In order to gain a better understanding of the consequences of (31), we expand the right-hand sides of (32), (33), and (35) in powers of κ 0 and keep the leading order term. This gives
The gain coefficient g that is required to support a nonlinear spectral singularity is given by
where κ := Im(n) and κ 1 := Im(n 1 ). Suppose that we are interested in a nonlinear spectral singularity corresponding to a Kerr nonlinearity that has the same wavelength as its linear analog. Then K 1 = 0 and we can use (31) and (36) -(39) to determine the modified lasing threshold condition:
Here in the last relation we have switched to the unscaled nonlinearity parameter g and use the fact that for typical optical setups (η (40) is our main result. It implies that for a positive Kerr nonlinearity parameter g, which is usually the case [13] , the presence of the nonlinearity increases the necessary gain for producing a spectral singularity. More importantly it shows that the slab acts as an amplifier for a left-incident plane waves only if g exceeds g 0 . In this case it emits an amplified transmitted plane wave whose intensity is given by We can view (41) as a mathematical justification for the well-known fact that lasers operate when the gain coefficient is larger than g 0 . It is important to notice that in the linear case the spectral singularity disappears as the value of the gain coefficient exceeds g 0 and the slab stops functioning as a laser. This is not the case when we take into account the effect of a Kerr nonlinearity with g > 0.
We have performed a first-order perturbative calculation of G − (K) and used the result together with (11) to compute the amplitude parameter N − for the emitted wave from the left-hand side of the slab. This calculation shows that whenever we arrange the parameters of the system to generate a nonlinear spectral singularity, the contribution of the terms of the order γ to N − cancel one another and we find N − ≈ N + e iK . Therefore similarly to the linear case, the wave emitted from the left-hand side of the slab has the same amplitude and phase as the one emitted from its right-hand side. For the time-reversed system, this implies that a lossy slab serves as a coherent perfect absorber provided that the loss factor α has a numerical value that is larger than g 0 and the intensity |N + | 2 /2 of the incident coherent waves be given by (41) with g replaced with α.
IV. CONCLUDING REMARKS
An interesting outcome of the search for physical implications of spectral singularities is a mathematical derivation of the lasing threshold condition. This is quite different from the standard derivation of this condition which is essentially based on the physical principle of conservation of energy [16] . In the present article we have used the newly developed concept of a nonlinear spectral singularity to account for the contribution of nonlinearities to the lasing threshold condition.
Our method is quite general and can be applied to almost all nonlinearities of physical interest. For a Kerr nonlinearity it provides a simple explanation for the well-known fact that our slab model does not function as a laser at the threshold gain g 0 . It starts emitting radiation only when the gain coefficient g exceeds g 0 . In this case, the intensity of the emitted radiation turns out to be proportional to g − g 0 .
